This paper extends the option pricing equations of Black and Scholes (1973) , Jarrow and Madan (1997) and Husmann and Stephan (2007) . In particular, we show that the length of the individual planning horizon is a determinant of an option's value. The derived pricing equations can be presented in terms of the Black and Scholes (1973) option values which ensures an easy application in practice.
Introduction
Options are redundant securities in a complete market. However, the empirical results of Vanden (2004) indicate that options are nonredundant in explaining returns on risky assets. In incomplete lognormal markets, Jarrow and Madan (1997) derive a CAPM option price equation. This study extends their results in three respects. First, a pricing equation is derived for an option on an arbitrary non-dividend asset, whereas the option pricing formula by Jarrow and Madan (1997) is only relevant for options on the market portfolio. Secondly, Jarrow and Madan (1997) assume that the planning horizon of the investor exceeds the time-to-maturity of the option. This study also comprises the case in which the option is sold before maturity. Husmann and Stephan (2007) consider a planning horizon equal to time-to-maturity. For a planning horizon longer or shorter than the option's time-to-maturity, we obtain two distinct formulas, making reference to the results presented by Rubinstein (1984) and Husmann and Stephan (2007) . The formulas coincide solely when the planning horizon is exactly equal to the time-to-maturity of the option or when the market is complete. Thirdly, the value of an European option for all considered cases can be presented in terms of the Black and Scholes (1973) values of a number of options. This ensures that the results are easy to use in practice.
Sections 2 presents the notation and assumptions used. Section 3 indicates the theoretical results, and Section 4 concludes.
Assumptions and Notation
The valuation of options in section 3 is based on the default assumptions of the CAPM. Additionally, we assume that the instantaneous rate of return on any asset and the market portfolio have a joint normal distribution.
The following notation is used throughout the article: Instantaneous variance of the rate of return on the market index
Consider the case of a call option on an arbitrary non-dividend asset S maturing at time s when the planning horizon of the individual investor extends to time t. Our aim is to evaluate this option at time 0. Therefore, the timeto-maturity of the option equals τ = s − 0 and the length of the planning horizon is h = t − 0. Under the given parameters for a bivariate normal distribution of rates of return, the following expressions represent the expected values, variances and covariances of the securities' cash flow and market portfolio's standardized cash flow over a period with length h
It is assumed that the parameters of the price process remain constant during the planning horizon. Furthermore, for the sake of clarity, we use the following notation for the Black and Scholes (1973) price of a call with time-tomaturity y when the price of the current asset is replaced by S 0 e (µs+ 1 2 σ 2 s ) y+x , the strike price is replaced by K e r y and the volatility of the asset amounts to σ s :
CAPM Option Pricing
In an incomplete lognormal market, the CAPM may be used for option pricing. The well-known certainty equivalent valuation formula of the CAPM is
To be able to use this equation to value a call on S, we must first determine the expected cash flow of the call and the covariance between the cash flow of the call and the rate of return for the market portfolio. The expected cash flow of the call is
where
We can simplify the calculation of the covariance using the decomposition theorem,
E [R m ] and E [C t ] are to be obtained from (2) and (7) and
where the joint density function of the bivariate normal distribution f (r s , r m ) equals
(rs−µsh)(rm−µmh) σsσmh
Furthermore, (2) and (3) give the following for the market price of risk
In the following, we discern three cases. First, it is assumed that the investor's planning horizon is longer than to the time-to-maturity of the option (h > τ ). Then, the investor's planning horizon coincides with the time-to-maturity of the option (h = τ ). Last, we assume that the option is sold before maturity (h < τ ) so that the remaining time-to-maturity is (τ − h). We establish pricing equations for call options. Put prices can be derived in an analogue way.
3.1. Planning horizon longer than the option's time-to-maturity 3.1.1. Expected value Because any contingent claim paying max (S 0 e rs − K, 0) at time s is equivalent to one paying max (S 0 e rs − K, 0) e r (h−τ ) at time t, the expected value of the call amounts to
Therefore, the expected cash flow of a call can be presented as a special case of the compounded option valuation equation of Black and Scholes (1973) , except that it is evaluated at
Covariance
To establish the covariance between the cash flow of the call and the rate of return on the market portfolio using the decomposition theorem, we first 
It follows that
and accordingly,
Valuation equation
With (11) and (16) employed in (6), the CAPM option price equation is
Special cases
For calls on the market portfolio, the following applies, ρ = 1, σ m = σ s and µ m = µ s . The valuation equation shown in (17) can be easily transformed into
After some conversions, we see that (18) and the valuation equation of Jarrow and Madan (1997) 3 are identical. However, Jarrow and Madan (1997) define the parameter µ as the rate of return of the expected value, whereas we use it to identify the expected rate of return. To make our results comparable with theirs, the parameter µ must be replaced with µ + σ 2 /2 in Jarrow and Madan (1997).
In complete markets, a risk-neutral valuation always leads to the correct valuation results (see Cox and Ross 1976) . As in risk-neutral settings µ m + 
3.2. Planning horizon equal to the option's time-to-maturity When the option is held until maturity (h = τ ), the valuation equation (17) can be simplified to
.
This pricing formula coincides with the one derived by Husmann and Stephan (2007) , except that the latter is not presented in terms of Black and Scholes (1973) prices.
Planning horizon shorter than the option's time-to-maturity
When the planning horizon is shorter that the time-to-maturity, we use the results presented by Rubinstein (1984) who obtained the expected value of the call for ρ = 0 in terms of a Black and Scholes (1973) value of an European-style call as
Expected value
We can express the expected value of a call at the end of the holding period using the results obtained using the equation in (20). Our task is to integrate
Splitting (26) in three integrals and utilizing the solution presented by Rubinstein (1984) gives us
3.3.2. Covariance Again, we compute the covariance between the value of the call and the return on the market portfolio at the end of the holding period using the decomposition theorem. First, to compute E [C t ·R m | F 0 ], we must integrate
Integration yields the following:
5 The proof is available from the authors on request.
The covariance Cov [C t ,R m | F 0 ] is thus given by
Valuation equation
Using (27) and (34) in
with
results in 
and is hence identical to (20). In a risk-neutral world, because µ m + 
Conclusion
This paper extends the valuation results presented by Jarrow and Madan (1997) , considering the general case of an option on an arbitrary asset in an incomplete lognormal market. Additionally, we consider the case in which the planning horizon of the individual investor is shorter that the time-tomaturity of the option. The case in which the planning horizon equals the option's time-to-maturity is included in Husmann and Stephan (2007) . The derived pricing equations depend explicitly on the planning horizon of the individual investor and are easy to use due to their simple presentation. In complete markets, the pricing equations for an European call result in the well-known Black and Scholes (1973) price.
